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Abstract
Matrix methods for metric symmetry determination are fast, efficient, reliable, and, 
in contrast to reduction techniques, allow to establish simply all possible pseudo-
symmetries in the vicinity of higher symmetry borders. It is shown that distances to 
borders may be characterized by one or a few monoaxial deformations measured by 
parameter ε, which corresponds to the relative change in the interplanar distance. The 
scope of this chapter is limited to a careful analysis of rhombohedral or monoclinic 
deformations occurring in hR lattices.
Keywords: semi-reduced lattices, lattice symmetry, Bravais type border, lattice 
deformation
1. Introduction
Chemical species are structurally classified by symmetry. The preliminary classification 
takes into account only translational properties, the lattice of a crystal structure. But iden-
tical lattices may be described by an infinite number of different unit cells (a,b,c, α,β,γ or 
corresponding metric tensor G) and thus it is important to select finally the reference cell 
called the Bravais cell, which symmetry reflects the lattice symmetry. While the derivation 
of unit cell parameters from good X-ray diffraction data is generally straightforward, the 
problem of symmetry-standardization is challenging [1], especially in the presence of ran-
dom errors, pseudo-symmetry caused by the vicinity of Bravais type boundaries, textures, 
etc. Stable algorithms should recognize admittable symmetry and pseudo-symmetry(-tries) 
and calculate the distance(s) from the experimental unit-cell data to the Bravais lattice(s) 
subspace. Conceptually, a similar problem arises in the determination of distances between 
pairs of unit cells for database searching. A concise review of commonly used lengths (met-
rics) and its application to protein database search [2] showed that there is still room for 
improvements to characterize better the lattice on the symmetry borders. Advances in X-ray 
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diffraction techniques as well as improvements in data analyzing procedures allow to con-
clude that some of the previously obtained results may be based on pseudo-symmetry rather 
than on true symmetry (typical dilemma: hR or mC?). Some new diffraction data suggest, 
for example, that generally accepted trigonal crystal structures α-Cr
2
O
3
, α-Fe
2
O
3
, and CaCO
3
 
show monoclinic distortions [3, 4]. In consequence, the importance of border problems has a 
growing-up tendency.
Classifications of unique lattice representatives obtained by the Niggli reduction or Delaunay 
reduction are commonly used techniques to assign the Bravais symmetry to a given lattice. 
Another approach, called the matrix method, directly derives isometric transformations from 
the lattices by B-matrices, which transform a lattice onto itself [1, 5, 6], or by the space distribu-
tion of orthogonalities [7], or by filtering predefined set V of 480 potential symmetry matrices 
[8, 9]. The latter technique is applicable to a wide class of semi-reduced lattice descriptions, 
additionally forced by a geometric interpretation of symmetry operations. The following 
advantages seem to be apparent: (i) the filtering process is extremely simple, (ii) semi-reduced 
lattices after a small deformation are generally still semi-reduced, (iii) symmetry axes and 
planes are automatically indexed, (iv) a lattice deformation, which retains the given symme-
try, is easily deduced. The property (iv) can be utilized as a ‘distortion index’, a new measure 
of the distance between symmetrical lattices. The aim of this chapter is to carefully look at 
the border problems frequently occurring in hR lattices (hR-cF, hR-cP, hR-cI, hR-mC), but in 
the less-known semi-reduced lattice representations. Two appended real-life examples explain 
deeper the proposed technique and its possibilities.
2. Semi-reduced lattice descriptions
The concept of a semi-reduced lattice description (s.r.d.) has been given elsewhere [9]. The 
emphasis on the crystallographic features of lattices was obtained by shifting the focus (i) from 
the analysis of a lattice metric to the analysis of symmetry matrices [6], (ii) from the geometric 
interpretation of isometric transformation based on invariant subspaces to the orthogonality 
concept [7] extended to splitting indices [8], (iii) and from predefined cell transformations 
to transformations derivable via geometric information [6, 7]. It was shown that both cor-
responding arithmetic and geometric holohedries share the space distribution of symmetry 
elements and thus simplify the crystallographic description of structural phase transitions, 
especially those observed with the use of powder diffraction. Moreover, the completeness of 
s.r.d. types revealed a combinatorial structure of V (see below).
The main result of introduced semi-reduced lattice representations consists in the extension 
of the famous characterization of Bravais lattices according to their metrical, algebraic, and 
geometric properties onto a wide class of primitive, less restrictive lattices (including Niggli-
reduced, Buerger-reduced, nearly Buerger-reduced, and a substantial part of Delaunay-
reduced). While the geometric operations in Bravais lattices map the basis vectors onto 
themselves, the arithmetic operators in s.r.d. transform the basis vectors into cell vectors (basis 
vectors, face or space diagonals) and are represented by matrices from the set V of 480 matri-
ces with the determinant 1 and elements {0, ±1} of the matrix powers. A lattice is in s.r.d. if the 
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absolute values of off-diagonal elements in both metric tensors G and G−1 are smaller than the 
corresponding two diagonal elements sharing the same column and sharing the same row. 
The experimental s.r.d. metric G must be unchanged (with some relaxation) by the symmetry 
operation from V, thus by simple filtering:
  G ′  =  V T  GV, V ϵ V and  (a, b, c, α, β, γ) G~ G ′   ( a ′ ,  b ′ ,  c ′ ,  α ′ ,  β ′ ,  γ ′ ) (1)
and the subsequent geometric interpretation of the filtered matrices leads to mathematically sta-
ble and rich information on the individual transformation bringing the lattice into coincidence 
with itself (known as an isometry or a symmetry operation) and deviations from the exact match:
  Δa / a % , Δb / b %, Δc / c %, Δ  α ° , Δ  β ° , Δ  γ ° ,  δ ° , (2)
where Δa/a% denotes (a’-a)/a·100[%], Δα° = α’-α[°] and δ° is Le Page parameter [7]. For exact iso-
metric transformation, all such discrepancy parameters should be zero (or very close to zero).
It is obvious that symmetry operations fulfill the closure, associative, identity, and inverse 
axioms and form a group: an arithmetic holohedry or in other words a lattice group. The set V 
of all possible transformations in s.r.d. is covered by the arithmetic holohedries of 39 highest 
symmetry lattices (Table 1).
In the s.r.d. approach, the primitive-to-Bravais transformations are not stored, but dynami-
cally constructed, based on the geometric interpretation of symmetry matrices. Unfortunately, 
the classical symbol of a point or space symmetry operation bears information on an opera-
tion type and a 1D subspace (or 2D in the case of symmetry planes) of points invariant under 
this operation [10], but the information on the complement orthogonal subspace, invariant 
as a whole, is lost. In the developed splitting or dual symbol introduced in [8], orientation of 
Lattice Metric Lattice Metric Lattice Metric Lattice Metric
hP
1
2,2,1,0,0,−1 hP
4
2,2,1,0,0,1 cF
7
2,2,2,0,−1,−1 cI
7
4,3,3,1,2,2
hP
2
2,1,2,0,−1,0 hP
5
2,1,2,0,1,0 cF
8
2,2,2,1,1,0 cI
8
3,3,4,−2,−2,1
hP
3
1,2,2,−1,0,0 hP
6
1,2,2,1,0,0 cF
9
2,2,2,1,0,1 cI
9
3,4,3,−2,1,−2
cP
0
1,1,1,0,0,0 cF
10
2,2,2,0,1,1 cI
10
4,3,3,1,−2,−2
cF
1
2,2,2,1,1,1 cI
1
3,3,3,−1,−1,−1 cF
11
2,2,2,1,−1,0 cI
11
3,3,4,−2,2,−1
cF
2
2,2,2,−1,−1,1 cI
2
3,3,3,1,1,−1 cF
12
2,2,2,1,0,−1 cI
12
3,4,3,−2,−1,2
cF
3
2,2,2,−1,1,−1 cI
3
3,3,3,1,−1,1 cF
13
2,2,2,0,1,−1 cI
13
4,3,3,−1,−2,2
cF
4
2,2,2,1,−1,−1 cI
4
3,3,3,−1,1,1 cF
14
2,2,2,−1,1,0 cI
14
3,3,4,2,−2,−1
cF
5
2,2,2,−1,−1,0 cI
5
3,3,4,2,2,1 cF
15
2,2,2,−1,0,1 cI
15
3,4,3,2,−1,−2
cF
6
2,2,2,−1,0,−1 cI
6
3,4,3,2,1,2 cF
16
2,2,2,0,−1,1 cI
16
4,3,3,−1,2,−2
Metrics corresponding to lattice descriptions cI
5
–cI
16
 determine non-Buerger cells.
Table 1. Complete set M of metrical tensors of highest-symmetry lattices referred to semi-reduced bases [8].
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The ε-deformations are additive by the definition, but this feature is also valid for geo-
metric images (excluding δ) in the vicinity of a border, as was exemplified in Table 7. This 
feature means that more complicated images can be decomposed and explained by a few 
ε-deformations, at least in theory. In this situation, the goal is to obtain maxdev ≈ 0 by uniaxial 
deformations of a probe cell, where deformation types (hkl)’s can be predicted from the geo-
metric images. The introductory application of such analysis is shown in the following two 
real-life examples.
7. The distances for phospolipase A
2
For a comparative study of different distances between a probe cell and the items in protein 
database (PDB), McGill and others [2] used unit cells of phospolipase A
2
 discussed in [12], 
which concluded that items 1g2x, 1u4j, and 1fe5 describe the same structure. Study, among 
other interesting conclusions, showed a similarity only between 1g2x and 1u4j cells for all 
applied distances. This result is also confirmed by analysis based on ε distances (Table 8).
Δa/a [%] Δb/b [%] Δc/c [%] Δα [°] Δβ [°] Δγ [°] δ [°] Operation
0.0500 0.0000 −0.0500 0.0496 0.0000 −0.0496 0.0556 2[−101](−101)
0.0500 0.0000 −0.0500 0.0496 0.0000 −0.0496 0.0532 3 + [111](111)
0.0500 −0.0500 0.0000 0.0496 −0.0496 0.0000 0.0532 3-[111](111)
Deformation 0.001·(01–1) + 0.001·(011) mC (1, 1.0320, 1.7155, 90°, 123.1840°, 90°)
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 2[01–1](01–1)
0.1000 −0.0999 0.0000 −0.0304 0.0304 0.0000 0.0774 2[1–10](1–10)
0.1000 0.0000 −0.0999 −0.0304 0.0000 0.0304 0.0774 2[−101](−101)
0.1000 0.0000 −0.0999 −0.0304 0.0000 0.0304 0.0532 3 + [111](111)
0.1000 −0.0999 0.0000 −0.0304 0.0304 0.0000 0.0532 3-[111](111)
Geometric images of monoclinic simple deformations 0.001·(01–1), 0.001·(011) and composed deformation 0.001·(01–1) 
+ 0.001·(011) = 0.002·(010). Resulting monoclinic lattice parameters are given explicitly.
Table 7. Examples of the border hR-mC models for hR lattice (a,b,c = 1, α,β,γ = 62°).
1g2x 80.949 80.572 57.098 90° 90.35° 90° C
1u4j 80.36 80.36 99.44 90° 90° 120° R
1fe5 57.98 57.98 57.98 92.02° 92.02° 92,02° P
1g2x 3260.18 3261.15 3261.15 15.22 14.12 14.12 original
ε = −1.04·(011) +0.07·(01–1) deformation: monoclinic
3260.18 3260.18 3260.18 14.12 14.12 14.12 hR
ε = −14.12·(111) deformation: rhombohedral
3246.06 3246.06 3246.06 0.00 0.00 0.00 cP
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The monoclinic deformation of 1g2x cell is very small. Rhombohedral distances ε to the cubic 
border are similar for 1g2x and 1u4j, but drastically different in comparison with that in 1fe5. 
Moreover, the different sign suggests that if one agrees that all three items describe the same 
structure it must also allow the possibility that the true symmetry is cubic. It is also visible that 
this method is sensitive for much smaller (then analyzed) deviations from the symmetry borders.
8. hR-mC dilemma in α-Cr
2
O
3
, α-Fe
2
O
3
, CaCO
3
The crystal structures of BiFeO
3
, as well as of α-Cr
2
O
3
, α-Fe
2
O
3
, CaCO
3
 are usually described 
as trigonal, but there are motivations that come from systematic (hkl) peak broadening and 
anisotropic microstrains, indicating monoclinic deformations, to assume that an average met-
ric structure reveals monoclinic, that is, broken symmetry. [3, 4] Such broadening is system-
atic and increases with the crushing polycrystalline powders in a planetary mill and thus, at 
least in theory, can modify symmetry. High-resolution synchrotron radiation powder diffrac-
tions and Rietveld refinement were used in [3, 4] to obtain precise cell parameters. Values of 
agreement factors obtained with the Rietveld refinement of the trigonal and monoclinic mod-
els were very similar. The authors concluded that the lowering of symmetry should result in 
splitting some diffraction lines, which was not observed.
Let us look at the published data obtained for the monoclinic model [3, 4]. Cell parameters 
were recalculated to the primitive form, which was not Niggli. The strict symmetry had geo-
metric description 2 [1–10](1–10). Therefore, it was assumed that composite deformation ε
1·
(1–
10) + ε
2·
(110) brings these monoclinic cells to the rhombohedral ones. The BiFeO
3
 cell data were 
not available but all the data for α-Cr
2
O
3
, α-Fe
2
O
3
, CaCO
3
 and different milling times reveal 
similar values ε
1
 = ε
2
 ≈ −0.004. Values do not depend on the milling time, even if systematically 
broadened peaks are shown. Deviations from hR borders in the form of Δd/d ≈ −0.0004 mean 
that it is practically not possible to observe the line splitting. A strict and systematic relation-
ship ε
1
 = ε
2
 seems to be nonphysical, rather a result of the monoclinic constrains in Rietveld 
refinements. Despite the high precision of synchrotron powder diffraction, a monoclinic lat-
tice deformation was not metrically determined.
1u4j 3251.28 3251.28 3251.28 22.41 22.41 22.41 original
ε = −22,41·(111) deformation: rhombohedral
3228.87 3228.87 3228.87 0.00 0.00 0.00 cP
1fe5 3361.68 3361.68 3361.68 −118.49 −118.49 −118.49 original
ε = 118,49·(111) deformation: rhombohedral
3480.17 3480.17 3480.17 0.00 0.00 0.00 cP
Upper lines give standard Bravais descriptions for three items. Corresponding three parts compare original metric 
tensors, ε distances to higher symmetry borders, and metric tensors of these borders for each item.
Table 8. Original cell data for PDB items (1g2x, 1u4j, 1fe5) and ε distances to higher symmetry borders.
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9. Summary
Generally, border problems cannot be overlooked in s.r.d. Small, but not negligible, values 
of discrepancy parameters indicate the border problem and give some measure to the higher 
symmetry border. Deviations in isometric actions on the investigated cell can be explained by 
monoaxial deformations measured by parameter ε or by Δd/d, which is more informative for 
powder diffraction investigations.
Moreover, ε is not dependent on the choice of lattice representation in s.r.d. It was explicitly 
shown in Tables 4 and 5. These data can be also used for testing other definitions of distances, 
because 64 items describe the same rhombohedral lattice (distances between items should 
be zero and between each item and the cubic cF and cI lattices should be fixed).The situation 
is more complicated in the vicinity of cP border. Pseudo-cP symmetry cannot be recognized 
for most s.r.d representations of hR lattices, since they are similar to non-semi-reduced cP 
descriptions listed in Table 6. But there is still a possibility to select such hR description, which 
is simultaneously Niggli-reduced, and to find the distance to cP
0
.
The concept is outlined and tested for hR lattices, but for wider applications other lattice types 
(especially cubic) should be investigated.
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